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Abstract: We apply the superfield approach to the toy model of a rigid 
rotor and show the existence of the nilpotent and absolutely anticommuting 
Becchi-Rouet-Stora-Tyutin (ERST) and anti-BRST symmetry transforma- 
tions, under which, the kinetic term and the action remain invariant. Fur- 
thermore, we also derive the off-shell nilpotent and absolutely anticommuting 
(anti-) co-BRST symmetry transformations, under which, the gauge-fixing 
term and the Lagrangian remain invariant. The anticommutator of the above 
nilpotent symmetry transformations leads to the derivation of a bosonic sym- 
metry transformation, under which, the ghost terms and the action remain 
invariant. Together, the above transformations (and their corresponding gen- 
erators) respect an algebra that turns out to be a physical realization of the 
algebra obeyed by the de Rham cohomological operators of differential ge- 
ometry. Thus, our present model is a toy model for the Hodge theory. 
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1. Introduction 

The model of a rigid rotor, over the centuries, has played a pivotal role in 
providing the key theoretical insights into the dynamics of the classical as 
well as quantum systems. In particular, in the realm of atomic, molecular 
and nuclear physics, the contribution of the model of a rigid rotor has been 
enormous (as far as deep understanding of many physical phenomena is con- 
cerned). In our present investigation, we show that the above model presents 
a tractable toy model for the Hodge theory where the symmetry transforma- 
tions (and their corresponding generators) provide a physical realization of 
the de Rham cohomological operators of differential geometry. 

In our present endeavor, we begin with an appropriate first-order La- 
grangian (FOL) for a particle of mass m = 1 that is constrained to move on 
a circle of radius a (i.e. the model of a rigid rotor). This Lagrangian is given 
belo\\0 (see, e.g. [1] for a detailed discussion on its appropriateness) 

2 

Lf=p,f + pee-^ + \ir-a), (1) 

where r and 6 are the polar coordinates, r = {dr/dt),6 = {dO/dt) are the 
generalized velocities, pr and pg are the corresponding canonical momenta 
and A is the Lagrange multiplier. All these variables are function of the 
evolution parameter t. It can be seen that 11^ ~ and (r — a) ~ are 
the two first-class constraints of the theory [1] where 11^ is the momentum 
corresponding to the Lagrange multiplier variable A. The existence of the 
first-class constraint, as is well-known [2,3], is the signature of a gauge theory. 
In fact, the following infinitesimal local gauge transformations {5g) [1] 

5gVr = f{t), 6gX = f{t), 6gr = 6^9 = 6gpe = 0, (2) 

are generated by the above first-class constraints, under which, we can verify 
that the FOL transforms (with the infinitesimal gauge parameter f{t)) as 

= (3) 

Thus, the action S = J {dt Lf), corresponding to above Lagrangian, remains 
invariant under the infinitesimal local gauge symmetry transformations (2). 
The conserved charge, that emerges from the above symmetry transforma- 
tions (due to the Noether's theorem), is nothing but the constraint (r — a). 

One of the most intuitive approaches to quantize a gauge theory is the 
Becchi-Rouet-Stora-Tyutin (BRST) formalism where the gauge parameter is 

^We slightly differ from the FOL of [1] for the sake of brevity and algebraic convenience. 
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replaced by (anti-) ghost fields. We take up the Lagrangian (1) and demon- 
strate, in our present paper, that its (anti-) BRST invariant version (cf. (4) 
below) is endowed with a set of six continuous symmetry transformations 
which act infinitesimally on the variables of the theory. In fact, we shall 
establish that the algebra of the continuous symmetry operators is exactly 
same as the algebra obeyed by the cohomological operators of differential 
geometry. We also demonstrate that the latter algebra is respected by the 
conserved charges that generate the above continuous symmetry transforma- 
tions. Thus, we prove that the rigid rotor is a toy model for the Hodge theory 
where all the cohomological operators of differential geometry are identified 
with the continuous symmetries and their corresponding generators. 

A couple of mathematical properties, that are associated with the key 
concepts of BRST formalism, are the nilpotency and the absolute anticom- 
mutativity of the (anti-) BRST symmetry transformations (and their corre- 
sponding generators). The geometrical origin and interpretation of the above 
properties are provided by the superfield formalism [4,5] where the horizon- 
tality condition (HC) plays a decisive role. The latter condition (i.e. (HC)) 
physically implies that the curvature tensor of a given gauge theory is unaf- 
fected by the presence of the Grassmannian variables invoked in the superfield 
description of the BRST formalism [4,5]. The (anti-) BRST transformations, 
for the gauge field and (anti-) ghost fields, are determined by utilizing the 
HC within the framework of superfield formalism. The components of the 
"gauge" potential of the rigid rotor possess some unusual properties. For in- 
stance, the components of this potential transform in a completely different 
manner (cf. (2), (5), (6)). To obtain such type of unusual transformations, 
within the framework of the superfield formulation, is a challenging prob- 
lem for us. We have accomplished this goal of obtaining the (anti-) BRST 
transformations for the "gauge" components and (anti-) ghost variables of 
the rigid rotor by making some specific choices in the application of the HC. 

The main motivations for carrying out our present investigations are as 
follows. First, we have already proposed, in our earlier works [6-10], the 
field theoretic models for the Hodge theory in the case of 2D (non-) Abehan 
1-form and 4D Abelian 2-form gauge theories. Thus, it is an interesting task 
for us to propose a simple toy model for the Hodge theory where there are 
almost no mathematical complications and the continuous symmetry trans- 
formations of the theory are found to be completely transparent. Second, for 
the present toy model, the components of the "gauge" potential transform 
in a completely different manner (see, e.g. [1]). It is, therefore, an inter- 
esting endeavor to exploit the superfield formalism to obtain such kind of 
symmetries within its geometrical framework. Finally, a new model for the 
Hodge theory is always an exciting development because its proof requires 
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a variety of continuous symmetry transformations. The ensuing operator 
algebra of the above continuous symmetry transformations turns out to be 
reminiscent of the algebra obeyed by the dc Rham cohomological operators of 
differential geometry In other words, we establish a perfect analogy between 
some aspects of mathematics of the differential geometry and the continuous 
symmetries of the Lagrangian of our present toy model of a rigid rotor. 

The contents of our present paper are organized as follows. In section 2, 
we discuss the off-shell nilpotent and absolutely anticommuting (anti-) BRST 
symmetry transformations within the frameworks of Lagrangian formalism 
and superfield approach. This is followed, in section 3, by our discussion 
about the nilpotent and absolutely anticommuting dual(co)-BRST and anti- 
co-BRST symmetry transformations in the realm of Lagrangian formulation. 
Our subsequent section 4 deals with the derivation of a bosonic symmetry 
transformation. In section 5, we discuss the ghost and discrete symmetry 
transformations in the theory. We demonstrate, in section 6, the similarity 
between the algebra of the de Rham cohomological operators and continuous 
symmetry transformations (and corresponding generators). Finally, we make 
some concluding remarks and point out a few future directions in section 7. 

In our Appendix, we capture some of the key mathematical properties of 
the (anti-) BRST charges in the superfield formalism. 

2. Nilpotent and absolutely anticommuting (anti-)BRST 
symmetries: two approaches 

In this section, we discuss about the off-shell nilpotent (anti-) BRST sym- 
metries in the Lagrangian as well as the superfield formulation. First, in 
subsection 2.1, we dwell on the completely different type of transformations 
associated with the components of the "gauge" potential. Later on, in sub- 
section 2.2, we capture these unusual bit of transformations within the frame- 
work of the geometrical superfield formalism [4,5] with judicious choices. 

2.1 (Anti-) BRST symmetries: Lagrangian description 

We begin with the following (anti-) BRST invariant first-order appropriate 
Lagrangian for the rigid rotor (see, e.g. [1] for details) 

2 1,2 

U^Prr+pe9-^ + Xir-a) + b{X-pr) + --iCC-iCC, (4) 

which is the generalization of the first-order gauge- invariant Lagrangian (1). 
In the above, A and Pr are the analogues of the components of the "gauge" 
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potential and b is the Nakanishi-Lautrup type auxiliary field that is invoked 
for the linearization of the gauge-fixing term [— |(A — PrY]. The fermionic 
(anti-) ghost fields {C)C are required for the validity of unitarity. 

The above FOL respects the following infinitesimal and continuous (anti-) 
BRST symmetry transformations S(^a)b (see, e.g. [1]) 

Sab A = (7, SabC ^ 0, Sab Pr = C, Sab C = -lb, 

Sab b^O, SabT^ 0, Sab 6* = 0, Sab PO = 0, (5) 

A = (7, Sft C = 0, Sb Pr = C, Sfj C — +ib, 

Sbb^O, r = 0, Sb 6* = 0, s^ pe = 0. (6) 

It can be seen that the following statements are true, namely; 

(i) operator equations si — 0, s^j, = 0, S},Sab+SabSb = are always satisfied, 

(ii) out of the two momenta and pe, only one of them transforms (i.e. 
S{a)bPr 7^ 0, S(^a)bPe = 0) uudcr the (anti-) BRST symmetry transformations, 

(iii) the coordinates and their velocities do not transform (i.e. S(a)fe?" — 
S(a)bd = 0, S(a)b?^ = = 0) Under the (anti-) BRST transformations. As 
a result, the kinetic term of the theory remains invariant, and 

(iv) the transformation property of A and Pr are quite different. 

The above observations imply that the gauge and (anti-) BRST invariant 
quantities r, 9,pg, etc., are "physical" quantities (in some sense). These com- 
ments would play very important roles in our superfield approach to BRST 
formalism (where wc shall derive all the nilpotent and anticommuting (anti-) 
BRST transformations for the all the variables of the theory). 

The conserved and nilpotent (anti-) BRST charges (3(a)6- that are the 
generators of the above (anti-) BRST symmetry transformations, are 

Qb^bC-bC, Qab^bC-bC. (7) 
Using the following equations of motion 

r^b, b = r-a, C - C = 0, - C = 0, 

Pe^O, Pr = X + re\ Pe = r^O, (8) 

it is straightforward to check that Qf, — 0, Qab — 0. Furthermore, using the 
definition of the following canonical momenta 

Ux = 6, He = +i C, Uc = -i C, = p„ = pe, (9) 

and the corresponding canonical brackets (cf. (44) below), it can be checked 
that the conserved charges obey Ql = 0, Ql^, = 0, QbQab + QabQb — 0. 
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Under the (anti-) BRST symmetry transformations, the kinetic term 
P06 — Pg/2r^ = remains invariant because S(^a)b r = 0, S(^a)b & = 

O5 S(a)b Pe = 0. This kinetic term is equivalent to (f^/2) where v = rO 
is the hnear velocity. In the language of differential geometry, the kinetic 
term owes its origin to the exterior derivative d = dt dt (with d^ = 0) be- 
cause dx = dt (x) = dt (f^), dy = dt (y) = dt (vy), v'^ = + Vy. Thus, 
the nilpotent (anti-) BRST symmetry transformations can be identified with 
the exterior derivative. The absolute anticommutativity of the (anti-) BRST 
transformations, however, imply that only one of them can be identified with 
the exterior derivative d = dt dt (with d"^ = 0) of the differential geometry. 

We close this subsection with the remark that the physicality condition 
Q{a)b\phys >= leads to the requirement that b\phys >= and b\phys >= 0. 
These conditions, due to equations (8) and (9), imply that the operator form 
of the first-class constraints IIa ~ and {r — a) ^ annihilate the physical 
states of the theory. Thus, the physicality criteria Q(a)b\phys >= is consis- 
tent with the Dirac's method of quantization (see, e.g. [3] for details). 

2.2 (Anti-) BRST symmetries: superfield formalism 

It is evident from our earlier discussions (cf. Introduction) that, out of two 
polar coordinates, only one is independent coordinate parameter because of 
the constraint condition r — a ~ 0. Thus, effectively, the dynamics of the 
rotor will be described in terms of the space-time coordinate^ ('"i^)- As a 
consequence, we can define an exterior derivative (see. Sec. 7 below) 

d = dtdt + drdr, dr A dt = -dt A dr, dt A dt = dr A dr = 0. (10) 

Further, it is clear from the first-class constraints IIa ~ and (r — a) ~ that 
the rigid rotor is a model of a gauge theory with gauge potentials represented 
by variables A and Pr- We can define a 1-from connection as 

= dtX{r,t) + dr B{r,t), (11) 

where the gauge potential component B{r, t) would be connected (as we shall 
see later) with pr in an explicit fashion. The curvature 2-from 

rf^W = {dtAdr)[dtB{r,t)-drX{r,t)], (12) 

would remain invariant under the gauge (or (anti-) BRST) transformation. 

^Only in the framework of the superfield formulation [4,5], we shall take these coordi- 
nates as independent variables. Ultimately, however, we shall take the limit r — > so that 
all the variables of the theory become function of the evolution parameter t only. 
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In the superfield approach to BRST formahsm (see, e.g. [4,5]), the ex- 
terior derivative and 1-form connection are generahzed to a super manifold 
parametrized by r.t.r] and f] where 77 and f] are Grassmannian variables (i.e. 
rf = ff = Q^rjfi + fjrj = 0). Thus, on the above (2, 2)-dimensional superman- 
ifold, we have the following expressions for the generalizations, namely; 

d ^ d = dt dt + dr dr + d,rj 9,, + df] dfj, d^ — 0, 
^(1)^^(1) ^ dtX{r,t,r},f]) + drB{r,t,r],f]) 

+ drj F{r,t,rj,fj) + dfj F{r,t,r],fj), (13) 

where 5^ = {d/dr]),dfj = {d/df}) are the Grassmannian derivatives and the 
component superfields can be expanded along the Grassmannian directions 
as: 

A(r, t, r], fj) = A(r, t) + rj /i(r, t) + f] fi{r,t) + i ?] f] Bi{r, t), 
B{r, t, T], fj) = B{r, t) + ri ^(r, t) + fj f2{r,t) + i r] fj B^ir, t), 
F{r,t,r],fj) = C{r,t)+i'n bi{r,t)+ifj bi{r,t)+ir] fj S{r,t), 
F{r, t, r), fj) = C{r, t)+ir] hir, t)+ifj hir, t)+ir)fj S{r, t), (14) 

where {C)C are the (anti-) ghost fields, fi, fi, f2, f2, S, S are the fermionic 
secondary fields and i?2, ^1, &2, ^2 are the bosonic secondary fields that 
would be determined in terms of the basic fields by exploiting the so-called 
horizontality condition of the geometrical superfield formalism. 

The celebrated horizontality condition requires that the gauge invariant 
curvature 2-form should remain independent of the Grassmannian variables 
7] and fj. This can be expressed, in the mathematcal form, as 

JiW^d^W. (15) 

The l.h.s. of the above condition can be exphcitly expressed as 

= {dt A dr) [dtB - dr\] + {dt A di]) [dtF - d^X] + {dt A df]) [dtF - d^X] 
+ {dr A dr]) [drF - dr,B] + {dr A dfj) [drF - df^B] - {drj A drj) {dr,F) 
- {df] A df]) {dfjF) - {dr] A df]) [a^F + d^^F] . (16) 

Ultimately, the horizontality condition (i.e. dM-^") — d^^^^) yields the follow- 
ing relationships between the basic and secondary fields: 

61 = 0, 62 = 0, S^Q, ,5 = 0, 

fi = C, h = C, B, = k = -iu h = drC, 

f2 = drC, B2 = drh2 = -drK 6l + &2 = 0. (17) 
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The choice b2 — b — —bi, yields the following exphcit expressions 

X^^\r, t, T], f]) = A(r, t)+ri C{r, t) + f] C{r, t) + i rj f] b{r, t), 

B^^^ (r, t, T], f]) = B{r,t)+7] drC{r; t) + f] drC{r, t) + i rj fj drb{r, t), 

F^^\r, t, T], f]) = C(r, t)-i7] b{r, t), 

F^^\r, t, r], f]) = C{r, t) + i fj b{r, t), (18) 

where the superscript (R) denotes the reduced form of the expansions in (14). 
The stage is now set to make a judicious choice of B^^\r, t, r], ff) and S(r, t) 
in terms of the gauge components Prir, t). The following choices 

B^^'^r^t^ri^fj) = 94^)(r,i,r/,^), B{r,t) = 9,p,(r,i), (19) 

lead to the following expansion for the super dynamical field: 

p(^)(r, t, 77, fj) = Pr{r, t)+r) C{r, t)+fj C{r, t)+ir)fj b{r, t). (20) 

It is clear from the beginning that all the variables of our present toy model 
are function of the evolution parameter t only. Thus, at this juncture, we take 
the limit r — >■ 0, so that we obtain the following correct physical expansion 
(corresponding to (18)) for the super dynamical variables, namely; 

X^'^Xt, ri, fj) = \{t) + rj d{t) + fj C{t) +irjfj b{t), 
Pi'^^t, T], T]) = pr{t) + T] C{t) + f) C{t) +tr]r] b{t), 
F^'^\t,v,v)=Cit)-tr]bit), 

F^'^\t,r^,r^)=C{t) + tr]bit), (21) 

where the superscript (h) denotes the superfield expansions after the appli- 
cation of the HC. In terms of the (anti-) BRST symmetry transformations 
(cf. (5), (6)), we have the following uniform expansions 

X^^\t, n,fj) = X + T] {Sab X)+f] {Sb X)+r]f] {Si, Sab A), 
Pl^\t, ?7, fj) = p, + 7] {Sab Pr) + V (Sfe Pr) + V V (^b Sab Pr): 

F^^\t, r],r]) = C + r] {sab C) + r] {sb C) + 7] V (sb Sab C), 

F^''\t, n,fi) = C + ri (s„ft C) + ri{sbC) + rjri (s, Sab C), (22) 

where we have taken into account the nilpotent symmetry transformations 

SbC = 0, SabC = 0, SbSabC = Sb{-ib) = 0, SbSabC = 0. 

This establishes the non-trivial (anti-) BRST symmetry transformations 
of the dynamical variables of the theory. The trivial transformations S(a)6r = 
0, S(a)fe^ = 0, S(a)hPe — Can also be derived by exploiting the augmented 
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superfield formulation [11-14] in which, in addition to the HC, the gauge 
(BRST) invariant quantities, too, are required to be independent of the 
Grassmannian variables. In other words, we demand the following 

f{t,r],r])=r{t), 9{t,r],r]) = e{t), Pg{t,r],r]) = pg{t), (23) 

where we have exploited the fact that the gauge invariant (physical) quan- 
tities are unaffected by the presence of the Grassmannian variables within 
the framework of the augmented superfield formalism [11-14]. The following 
explicit expansions along the Grassmannian directions 

r{t,r],f]) = r{t) + r] Fi{t) + f] Fi{t) + i r] f] qi{t), 

pg{t, 7], ff) = pe(t) + 1] F2(t) + f] F2(t) + i T] f] q2(t), 

e{t, T], fi) = 9{t) +r]Fsit)+r] F^it) + i r] r] q^it), (24) 

and their subsequent substitution in fl2Sl) implies that all the secondary vari- 
ables of the above expansion are zero, namely; 

Fi = Fi = F2 = F2 = F^ = h = qi = q2 = qz = 0. (25) 
The above relationships, ultimately, imply the following uniform expansions 

f(t, ?7, ff) = r{t) + 7] {sab r) + f] {sb r) + T] f] {sb Sab r), 
peit, T], fj) = pe{t) + 7] {sab Pe) + V (sf, pe) + i] f] {sb Sab Pe), 

e{t, T], ff) = e{t) + 7] {Sab e) + T] {Sb e) + T] f] {Sb Sab 0). (26) 

The above expansions, finally, lead to S(^a)b r = S(^a)b G = ■5(a)6 Pe = 0. Thus, 
the trivial (anti-) BRST symmetry transformations can also be captured 
within the framework of augmented superfield formalism [11-14]. In our Ap- 
pendix, we provide the geometrical interpretations of the (anti-) BRST sym- 
metries (and their corresponding generators) in the language of the transla- 
tional generators along the Grassmannian directions of the (1, 2)-dimensional 
supermanifold. Furthermore, we also discuss about the nilpotency and anti- 
commutativity properties within the framework of superfield formalism. 

3. (Anti-) co-BRST symmetries: Lagrangian formalism 

The gauge-fixing term (A — Pr) has its origin in the co-exterior derivative 
5 = ± * (i* where * is the Hodge duality operation on a given manifold. This 

^AU the super dynamical variables, unlike in the context of the HC, would now be 
taken to be function of the (1, 2)-diniensional superspace variables t, -q, fj only. 
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can be partially understood by taking into account 6 = * d *, d = dt dt 
and 1-form A^^) = dt (A(t)) on a one-dimensional manifold parametrized by 
a single parameter t. For instance, it can be checked that 

M^^) = * d * [dtXit)) = X{t), * (dt) = 1. (27) 

Thus, the term A, in the total gauge-fixing term (A —pr), has its origin in the 
exterior derivative 6. It should be noted that we have not discussed anything 
about Pr because it has completely different behavior under the gauge (or 
(anti-) BRST) symmetry transformations (cf. (2), (5), (6)). 

The following nilpotent (s^^^^ = 0) and absolutely anticommuting {sdSad+ 
SadSd = 0) local infinitesimal transformations S(^a)d 

Sad A = C, SadC = 0, Sad Pr = C, Sad C = -1 {r - O) , 
Sad b = 0, Sadr = Sad = Sad PO = 0, Sad (A - Pr) = 0, 

SdX = C, SdC = 0, SdPr = C, SdC = i{r-a), 

Sdb = 0, Sdr = Sd9 = SdPe = 0, Sd (A - Pr) = 0, (28) 

leave the gauge-fixing term invarianlEI. As a consequence, we christen them 
as the (anti-) dual BRST symmetry transformations. It is straightforward 
to check that the FOL (4) remains absolutely invariant under (28) because 

Sia)d U = 0. (29) 

Thus, the transformations, listed in (28), are the perfect symmetry transfor- 
mations for the first-order BRST invariant Lagrangian (4). 

It can be readily checked that the following conserved charges (that are 
derived by exploiting the Noether's theorem), namely; 

Qd = bC-bC, Qad = bC-bC, (30) 

are the generators of the transformations (28) because 

Sr"^ = —i Qr]{±), f = d,ad, (31) 

where the subscripts (±) on the square bracket correspond to the (anti-) 
commutator for ^ being (fermionic) bosonic in nature. It is straightforward 
to check that the following relationships are true, namely; 

SdQd = -i{Qd, Qd} = 0, SadQad = -iiQad, Qad} = 0, 

SdQad = -i{Qad, Qd} = 0, SadQd = -i{Qd, Qad} = 0, (32) 



^We came to know about these transformations from an oral presentation by S. K. Rai 
much before his article appeared on the internet (S. K. Rai, B. P. Mandal, arXiv: lO Oi. 5388\ 
[hep-thj). We differ drastically, however, from their interpretation of the dual-BRST sym- 
metry transformations as well as their corroborative logic behind its existence. 
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which are basically the reflection of the nilpotency and anticommutativity 
property of S(^a)d (i-e. = and SdSad + Sad^d = 0). The absolute anti- 

commutativity of Sd and Sad, however, imply that only one of them could be 
identified with the co-exterior derivative of the differential geometry. 

We wrap up this section with the comment that the physicality con- 
dition Q(a)d\phys >— leads to the requirement that b\phys >— and 
b\phys >— 0. These conditions, due to equations (8) and (9), imply that 
the operator form of the first-class constraints IIa ~ and (r — a) ~ 
annihilate the physical states of the theory. Thus, the physicality criteria 
Q(a)d\phys >= is consistent with the Dirac's method of quantization (see, 
e.g. [3] for details). It is very interesting to point out that, for the present 
toy model, the (anti-) BRST and (anti-) co-BRST charges lead to the same 
conditions on the physical states due to the requirement of the physicality 
criteria {Q{a)b \phys >= 0, Q(a)d \phys >= 0) in the total quantum Hilbert 
space of states (that are consistent with the Dirac's method of quantization). 

4. Bosonic symmetry: Lagrangian approach 



It is elementary to check that the following four anticommutators 

{Sd, Sad} = 0, {Sb, Sab} = 0, {Sfe, Sad} = 0, {Sd, Sab} = 0, (33) 

are absolutely zero because when they act on any arbitrary dynamical (and/or 
auxiliary) variable of the theory, they produce zero result. The other two an- 
ticommutators, constructed from the four nilpotent (s^^^^ = 0, s^^^^ = 0) 
operators S(^a)b ^-nd S(^a)d, found to be non-zero. These are as follows 

{Sb, Sd} = S^, {Sab, Sad} = ^o)- (34) 

The above anticommutators lead to the definition of a unique bosonic sym- 
metry in the theory. To elucidate this point, let us first express the transfor- 
mations, generated by s^^, as 

SojX^ i (b + f), SojPr ^ i {b + r - a), 
ScoC = s^C = s^r = s^d = s^pe = s^b = 0. (35) 

These are symmetry transformations because the FOL remains quasi-invariant 
as can be seen from the following explicit expression: 



d 

SojLb = — 
dt 



i {br - 2ra + r^) . (36) 



The action S = J dt Lb, as a consequence, remains invariant if all the vari- 
ables of the theory are assumed to fall off rapidly at infinity. 
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The other anticommutator {sad, Sab} does not lead to an independent 
bosonic symmetry transformation as is evident from the following expression 
for the transformations s^,, namely; 

So) A = —i{b + f), So, Pr = —i{b + r — a), 
Su, C ^ Su, C ^ SuiT ^ SojO ^ Sujpe = So) 6 = 0, (37) 

which imply that Sa; + = 0. As a result we have the following algebra 

{Sb, Sd} = So; = - {Sad, ^ab}, (38) 

which demonstrates that is the analogue of the Laplacian operator of dif- 
ferential geometry. This bosonic symmetry leads to the following expression 
for the conserved charge due to the Noether's theorem: 

= i [b^ + 2ra-r% (39) 

Using the equations of motion (8), it can be readily checked that 

^ = i [2bb + 2ra -2fr]= 0. (40) 

The above conserved charge is the generator of the transformation ,s"^,. One 
of the decisive features of the bosonic symmetry is that the (anti-) ghost 
variables of the theory remain unchanged under this transformation. 

5. Ghost symmetry: Lagrangian formulation 

The ghost number of the (anti-) ghost fields {C)C are (—1)1 and the rest of 
the variables of the theory have ghost number equal to zero. Thus, we have 
the following changes of the variables under the ghost-scale transformation: 

r ^ r, 9^9, Pr ^ Pr, Pe Pe, 

A^A, b^b, C^e^C, C^e-^C, (41) 

where A is a global scale parameter. The infinitesimal version of the above 
transformations (i.e. SgC = C, SgC = —C, Sg^ — 0, $ = r, 9, Pr, pe, b, A, 
etc.) lead to the definition of the following conserved charge 

Qg = -iiCC + CC). (42) 

Using equations of motion, it is pretty easy to prove that Qg = 0. This 
conserved ghost charge, in other words, is the generator of the infinitesimal 
version of the continuous symmetry transformations (41). 



12 



In addition to the above continuous symmetry transformation, the ghost 
sector respects the following discrete symmetry transformations 

C ^ ± i (7, C^±iC. (43) 

The above discrete symmetry transformation is useful in enabling us to obtain 
the anti-BRST symmetry transformations from the BRST and vice-versa. 
Furthermore, the above transformations lead to similar kind of relationships 
between the co-BRST and the anti-co-BRST symmetry transformations. 

We sum up this section with the comment that the (anti-) ghost variables 
are decoupled from the rest of the variables of the theory. These variables 
are unphysical. As a consequence, the conserved ghost charge does not put 
any restriction on the physical state of the theory. However, the ghost charge 
does define the ghost number of a given state and it plays a major role in 
establishing connection between the BRST cohomology and cohomology of 
the differential forms. This aspect, we discuss in our next section. 

6. Cohomological aspects: algebraic structures 

In this section, we shall establish connection between the conserved charges 
(and the continuous symmetry they generate) and the de Rham cohomologi- 
cal operators. In particular, we shall lay emphasis on the algebraic similarities 
between the conserved charges and cohomological operators. 

6.1 Differential operators and charges 

It is clear from (9) that all the dynamical variables of the theory have their 
corresponding momenta. Thus, the canonical brackets are (h—c—l) 

[r, pr] = i, [9, pe] = i, [A, b] = i, 

{C, d} = 1, {C, C} = -1, (44) 

and all the rest of brackets are zero. Using these brackets, it can be checked 
that the following algebra is satisfied amongst the conserved charges: 

Qla)b = 0' Qla)d = 0> {Qb, Qab} = 0, {Qd, Qad} = 0, 

{Qb, Qad} = 0, {Qd, Qab} = 0, i [Qg, Qb] = Qb, 

i [Qg, Qad] — Qad, ^ [Qg, Qab] — —Qab, i [Qg, Qd] — —Qd, 

[Qoj,Qr] =0, r = 6, ab, d, ad, g. (45) 

This algebra is reminiscent of the algebra satisfied by the de Rham cohomo- 
logical operators of differential geometry. These operators, to be precise, are 
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nothing but the exterior derivative d (with = 0), the co-exterior derivative 
5 = ±*(i* (with 5^ = ) and the Laplacian operator A = ((i + 5)^ = d5 + 5d. 
Here * is the Hodge duahty operation on a given spacetime manifold, on 
which, the above cohomological operators are defineqj. 

In exphcit form, the algebra obeyed by the above de Rham cohomological 
operators of differential geometry follows 

d^ = 5^ = Q^ /\ = {d + 5f = d5 + 5d = {d,5}, 

[A, 5] = 0, [A, d] = 0. (46) 

Comparing (45) and (46), we obtain following mappings 

(Qb, Qad) d, {Qd, Qab) -> 5, Q^ = {Qd, Qb} = -{Qad, Qab} = A, (47) 

which shows that there is two-to-one mapping between the conserved charges 
on one hand and the cohomological operators on the other. Thus, our present 
model of rigid rotor provides a toy model for the Hodge theory. 

It is well-known that d raises the degree of a ra-form /„ by one when it 
acts on it (i.e. dfn ~ fn+i)- On the other hand, the operator 6 lowers the 
degree of a ra-form by one when it operates on it (i.e. Sfn ~ /«-i)- The 
action of the Laplacian operators, however, on a n-form /„ keeps the degree 
intact (i.e. A/„ ~ /„). These properties are traded with the ghost number of 
a state when we consider the full BRST-cohomology with all the conserved 
charges. We discuss below this analogy in a concise manner. 

Let n be the ghost number of a state | ip >„ (defined in terms of the ghost 
charge Qg) in the total Hilbert space of states, i.e., 

iQg\^>n= n\4j>n, (48) 

then, the following relationships emerge due to the algebra (45), namely; 

i Qg Qb \ 'ip >n = (n + l) Qb\lp >n, 
i Qg Qad >n= (^ + 1) Qad \ >n, 

iQgQdli' >n = (n-l) Qd\lp >n, 
i Qg Qab \lp >n= {n - 1) Qab \ 1p >n, 

i Qg Quj \ ^ >n = nQ^\ij>n . (49) 



^ Using directly the symmetry transformations (5), (6), (28), (35) and (41) it can be 
checked that, in the operator form, they obey the algebra: s^^^^ = 0, s^^^^ = 0, {sb, Sab} = 

0, {Sd: Sad} = 0, {Sb, Sad} = 0, {sd, Sab} = 0, i [Sg, Sb] = Sfc, i [Sg, Sad] = Sad, i [Sg, Sab] = 

—Sab, i [sg,Sd\ — —Sd, [su,Sr] =0, r = b, ab, d, ad, g. Thus, the above symmetry 
operators also obey the algebra of (45) and (46). Hence, they also provide a physical 
realization of the algebra obeyed by the cohomological operators of differential geometry. 
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The above equations demonstrate that the ghost number of Qbl V' >n is 
{n + 1), that oi Qd\ ip >« is (n — 1) and the state Q^l ^/^ >„ has the ghost 
number n, respectively. Thus, (Q5, Qd, Q^) form one set that is an analogue 
of (d, (5, A). Moreover, in an exactly similar fashion, it can be checked that 
the other set {Qadi Qab, Qui) also obeys the same algebra as {d, 6, A). Hence, 
this set also constitutes an analogue of the above cohomological operators. 

We wrap up this subsection with the conchision that our present model 
of rigid rotor provides a toy model for the Hodge theory where the de Rham 
cohomological operators are identified with the Noether's conserved charges 
(and the continuous symmetry transformations they generate). As a con- 
sequence, this toy model presents one of the simplest examples in physics 
that provides a meeting-ground for some aspects of differential geometry in 
mathematics and a few key concepts of symmetries in theoretical physics. 

6.2 Hodge decomposition theorem and conserved charges 

On a compact manifold without a boundary, it is well-known that an arbi- 
trary n-form /„ can be written as a unique sum of a harmonic form (i.e. 
Ahn = ^ dhn = 0,6hn = 0), an exact form (den-i) and a co-exact form 
{6cn+i) due to the celebrated Hodge decomposition theorem as [15-17] 

fn ^ K + d Cn-l + S Cn+l. (50) 

The above decomposition can be expressed in the quantum Hilbert space of 
states in the following fashion (cf. (47)) 

I V >n = \i^>n +Qb\X >n-l + Qd \ <!> >n+l, (51) 

in terms of the set {Qb,Qd,Qui) because Qui\oo >n— implies Qb\tJ >n— 
and Qdju; >n— 0. The above equation (51) can also be expressed in terms of 
the set (Qad, Qab, QJ) as follows (cf. (47)) 

I V >n = \^>n +Qad\X >n-l +Qab\4> >n+l, (52) 

where the most symmetric state is the harmonic state | uo >„ that satisfies: 

Quj\^>n= 0, Ql^a)b \u:>n = 0, Ql^a)d \ U: >n = 0. (53) 

In other words, a harmonic state is annihilated by (anti-) BRST as well 
as (anti-) co-BRST charges together. Thus, for aesthetic reasons, it can be 
chosen as the physical state because it is the most symmetric state. 

It is quite interesting to point out that all the fermionic charges {Q(a)b-i Q(a)d)-i 
due to the following physicality criteria on the physical states, namely; 

Q{a)b I phys >= 0, Q[a)d \ phys >= 0, \phys >= |harmonic state >, (54) 
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lead to the following conditions (cf. (8), (9)) 

b I phys > = ^ IIa I phys >= 0, 

b I phys > = =^ (r — a) I phys >= 0. (55) 

It is a completely new observation that the full set of all the conserved charges 
{Q{a)b, Q{a)di Quj) of thc toy model of the rigid rotor lead to the same restric- 
tions on the physical state due to the physicality criteria (54). This is true 
only for the present (very special) toy model. We note that the operator form 
of the first-class constraint annihilates the physical state as a consequence of 
the above physicality criteria. This outcome is consistent with the Dirac's 
method of quantization of a system with first-class constraints. 

7. Conclusions 

In our present investigation, we have demonstrated that a toy model of the 
rigid rotor, endowed with the first-class constraints in the language of Dirac's 
prescription for classification scheme [2.3]. is not only a model for the gauge 
theory but its (anti-) BRST invariant version respects a set of six continuous 
symmetry transformations which, in turn, render this theory to be a tractable 
toy model for the Hodge theory. As a consequence, the above symmetry 
transformations provide a physical realization of the de Rham cohomological 
operators of differential geometry as far as the algebra is concerned. 

The BRST symmetry transformation turns out to be the analogue of 
the exterior derivative because the kinetic term, owing its origin to the ex- 
terior derivative, remains invariant under it. In a similar fashion, under 
the dual(co)-BRST symmetry transformations, it is the gauge-fixing term 
(owing partially its origin to the co-exterior derivative) that remains un- 
changed. Thus, the co-BRST symmetry transformation is the analogue of 
the co-exterior derivative. The anticommutator of the above two nilpotent 
symmetries results in a bosonic symmetry in the theory which turns out to be 
the analogue of the Laplacian operator. The ghost terms of the theory remain 
invariant under the latter (non-nilpotent) bosonic symmetry transformation. 

At the algebraic level, we note that there is two-to-one mapping between 
the conserved charges of the theory and the de Rham cohomological operators 
(cf. (47)). As a consequence, in the total quantum Hilbert space of states, 
there are two ways to express the Hodge decomposition theorem. The most 
symmetric state (i.e. the harmonic state) has been chosen, in our present 
investigation, as the physical state of the theory. This state, by its very defi- 
nition, is annihilated by the four fermionic (i.e. Q^^^^j, = 0, = 0) charges 
and a bosonic charge (Qui) that corresponds to the Laplacian operator. 
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The physical consequence, that emerges from the restrictions on the har- 
monic state with all the conserved charges is, however, one and the same. In 
explicit physical terms, this implies that the physical state (identified with 
the harmonic state) is annihilated by the operator form of the first-class con- 
straints of the theory (cf. (55)). This observation is, however, true only for 
the present toy model of the rigid rotor. In the case of the 2D (non-)Abehan 
1-form and 4D Abelian 2-form theories, the restrictions that emerge from the 
BRST and dual-BRST charges are different. They arc, however, connected 
by a duality transformation that is present in these theories (see, e.g. [11- 
14]). This is not the case in our present toy model as there is no duality in 
the (0 -I- 1) -dimensional toy model of the rigid rotor. 

In our present model, the analogues of the components of the "gauge" 
potential are A and Pf They transform, however, in a drastically different 
manner under the gauge and (anti-) BRST symmetry transformations (cf. 
(2), (5), (6)). The superfield approach to BRST formalism (see, e.g. [4,5,11- 
14]) provides the usual (anti-) BRST symmetry transformations connected 
with the usual gauge fields. Thus, it was a challenge for us to derive the nilpo- 
tcnt (anti-) BRST symmetry transformations for A and Pr within the frame- 
work of geometrical superfield formalism. It is gratifying to note that we 
have accomplished this goal in our subsection 2.2 by exploiting the strength 
of the modified version of the HC where we have made some daring (but 
judicious) choices for the (super) fields (see, e.g. (19)). This result might 
turn out to be quite useful, later on, in more complex physical situations. 

It is interesting to point out that, for the explicit application of the idea 
of HC, we have treated the parameters r and t as independent variables be- 
cause, in our view, that is the only judicious option left for us to include both 
the components (i.e. X,Pr) of the gauge potential together. Since the trans- 
formation properties of the components of the gauge potential are radically 
different (cf.(2),(5),(6)), the latter component (i.e. pr) has been incorporated 
(cf. (11), (19)) in a hidden fashion (i.e. B{r,t) = drPr) within the framework 
of superfield formalism and apphcability of HC (cf. (15)). Later on, we set 
the limit r — > 0. To the best of our knowledge, our application of HC, in the 
context of the superfield approach to our toy model of rigid rotor, is a novel 
feature because its methodology is quite different from the usual [4,5,11-14]. 

Our present toy model is one of the simplest models in theoretical physics 
that represents a tractable model for the Hodge theory. It would be a nice 
future endeavor to look for other toy models (see, e.g. [18,19]) that could 
provide examples of the Hodge theory. In fact, such kind of studies have 
enabled us to prove that (i) the 2D free (non-)Abelian gauge theories present 
a new type of topological field theories (see, e.g. [6]), and (ii) the 4D free 
Abelian 2-form gauge theory is a model for the quasi-topological field theory 
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(see, e.g. [20]). It would be challenging endeavor to look for the higher-form 
and higher- dimensional field theories to provide a set of tractable field the- 
oretical models for the Hodge theory. To achieve the above goals, it might 
be useful to exploit the mathematical tools (related to the BRST formalism) 
that are developed in [21,22]. These issues are under investigation and our 
results would be reported in our future publications [23]. 
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We discuss here some of the mathematical properties (e.g. nilpotency and 
anticommutativity) associated with the (anti-) BRST symmetry transforma- 
tions (and their corresponding generators) in the language of the geometrical 
superfield formalism [4,5]. From the expansions (22) and (26), it is evident 
that we have the following relationships 



variable n{t) = r{t), 9{t), Pr{t), pe{t), \{t), C{t), C{t). The former su- 
perfields are obtained after the application of HC and additional restrictions 
(cf. (23)). Taking the definition of the generator of a symmetry transfor- 
mation, it is evident that Sf.O(t) = —i ['^{t),Qr]± {r = b,ab) and the (-|-) — 
signs on the square bracket denote (anti-)commutator corresponding to the 
(fermionic) bosonic variable Q{t). Thus, we have the following mathematical 
mappings amongst the various useful (but related) quantities, namely; 



Appendix 





(57) 
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which provide the geometrical origin and interpretation for the nilpotent and 
anticommuting (anti-) BRST transformations (and their corresponding gen- 
erators) as the translational operators (i.e. 9^,, dfj) along the Grassmannian 
directions of the (1, 2)-dimensional supermanifold [4,5]. 

Geometrically, a BRST symmetry transformation Sb (on a variable ^{t)) 
corresponds to the translation of the corresponding superfield Q^'^\t,r},fj) 
along the Grassmannian direction f] (when there is no translation along the 
?7-direction) of the (1, 2)-dimensional supermanifold (on which the present toy 
model is generalized). In a similar fashion, an anti-BRST symmetry trans- 
formation Sab (on an ordinary variable) is equivalent to the translation of the 
corresponding superfield along 77-direction of the (1, 2)-dimensional super- 
manifold (without any kind of translation along fy-direction) . Two successive 
translations along any one of the two Grassmannian directions correspond 
to the nilpotency property present in the BRST formalism. Similarly, the 
anticommutativity property can be encapsulated in the statement that the 
sum of a translation of the superfield along rj (followed by a translations 
along f^-direction) and a translation along fj (followed by a translation along 
77-direction) results in no translation at all (i.e. drjdfi + df^drj = 0). 

It is quite interesting now to note that the (anti-) BRST charges can be 
written, in terms of the superfields, as 



Qab = i 



d d 



dr] dr] 



Qb = « ^ ^ 

or] or] 



I [fW AW] = ij df] I dr] (fW A^'^)), 

pih) l{h) ^ i j df] j dr) (^F^'*) A^'*)), (58) 



where superscript {h) denotes the superfields obtained after the application 
of HC (cf. (21), (22)). Written in terms of the nilpotent (anti-) BRST 
symmetry transformations (cf. (5), (6)), the above equations read as 

Qab = i Sb Sab {C A) = -i Sab Sb {C A), 

Qb = i Sb Sab {C X) = -iSabSb{CX). (59) 

This establishes the nilpotency and anticommutativity of the (anti-) BRST 
symmetries (and their corresponding generators) as is evident from the fol- 
lowing useful relationships: 

Sb Qab = -i {Qab: Qb} = 0, Sb Qb = {Qb: Qb} = 0, 
Sab Qab = -i {Qab: Qab} = 0, Sab Qb = {Qb: Qab} = 0. (60) 

In the above, we have exploited the definition of the generator (cf., e.g. (31)) 
of a continuous symmetry transformation. 
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The above BRST charge Qi, can be expressed in two more different ways. 
These, expressed in terms of the (anti-) ghost and gauge superfields, are 



Qb 
Qb 



—I lim — 

v-^o or] 

or] ^ ' 



= —i hm 

T?-)-0 



dr] 



(61) 



which can be re-expressed in terms of the nilpotent (anti-) BRST symmetry 
transformations (cf. (5), (6)) as 



Qb = iSab{C C), Qb = -i Sb[C C + ib X]. 



(62) 



Once again, the nilpotency and anticommutativity properties become quite 
transparent from (61) and (62). Furthermore, it is clear that, for this simple 
toy model, the (anti-) BRST charges are BRST as well as anti-BRST invari- 
ant. This can be proven by exploiting the nilpotency s^^-,^ = property. 

In exactly similar fashion, the anti-BRST charge {Qab) can be expressed, 
in two different and distinct ways, as listed below: 



Q 



ab 



—I 



d_ 
df] 



p{h) p{h) 



d 

Qab = lim 



p(h)p(h) ^ ^ 5 ^{h) 



-isab {CC + ihX) . (63) 



The above expressions can also be written in terms of the integrals over the 
Grassmannian variables as follows 



Q 



ab 



—I 



dfj 



p{h) p{h) 



dfj 



PW fW + ^6aW 



(64) 



In the above form, too, the nilpotency of the anti-BRST charge {Qab) and its 
anticommutativity property with the BRST charge (Qb) become quite lucid. 

We close this Appendix with the remark that there are alternative ways 
to express the nilpotent (anti-) BRST charges in the superfield formulation. 
It can be checked that, in equations (58), (61), (63) and (64), one can replace 
pi^^ (cf. (21)) without changing the algebraic expressions. Further- 
more, the nilpotency and anticommutatvity properties are encoded in the 
properties of the translational generators 9^ and dfj. For instance, it can be 
checked that the observations: dr^Q(^a)b — and dfjQ(^a)b = 0, imply the above 
two properties due to (56). Thus, the superfield formalism does provide the 
geometrical meaning of the nilpotency and anticommutativity properties. 
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